Objective molecular dynamics is used to systematically investigate elastic bending in carbon nanotubes up to 4.2 nm in diameter. A contrasting behavior is revealed: While single-wall tubes buckle in a gradual way, with a clear intermediate regime before they fully buckle, multiwalled tubes with closed cores exhibit a rate-and size-independent direct transition to an unusual wavelike mode with a 1 nm characteristic length. This rippling mode has a nearly-linear bending response and causes a ϳ35% reduction in the stiffness of the thickest multiwalled tubes.
1
and resilience, 2, 3 CNTs are highly suited for applications. Understanding their mechanical response to primary deformations such as bending is significant for many areas, from nanoelectromechanical systems 4 to nanotoxicology. 5 Valuable insights into CNT mechanical response have been obtained theoretically from molecular dynamics ͑MD͒ simulations. [1] [2] [3] [6] [7] [8] [9] While a bending moment can be applied experimentally with relative ease, [10] [11] [12] simulating atomistically a realistically-long bent CNTs is challenging. The standard MD formulation under periodic boundary conditions ͑PBC͒ is unusable since bending is incompatible with translational symmetry. For this reason, workers often make recourse to finite-size cluster representations of CNTs. Bending is imposed by keeping the CNT ends fixed and positioned to satisfy the boundary conditions for the bending angle. This approach has the disadvantage of introducing spurious end and fixed boundary effects. To minimize these unwanted effects, accounting for a large number of atoms is necessary.
Because of the severe limitation in length scales and difficulty of applying bending, standard MD becomes less practical for systematic investigations of realistically long SWCNTs and MWCNTs. So far no systematic MD studies have been performed to characterize the nonlinear bending response in MWCNTs. Instead, finite element investigations based on continuum elastic models derived from atomistic potentials are widely used. [13] [14] [15] These approaches are computationally efficient since they do not explicitly account for the discrete atomic features. However, it is unclear whether continuum representations can accurately describe the morphology changes caused by severe deformations, especially for small diameter CNTs. 16 Recently, a generalization of MD has been introduced, termed objective MD. 17 This method is very appealing for nanomechanical studies and so far has been used to characterize nanotube response to axial and torsional forces. [16] [17] [18] [19] [20] Here we demonstrate that this method can be used to carry out a systematic study of the bending response of both SWCNTs and MWCNTs. We are able to provide all essential details, including the scaling with diameter and length of the critical curvature beyond which CNTs behavior nonlinearly, the exhibited regimes, and the most favorable morphologies. We first ensure that, in spite of the imposed periodicity, our method describes the expected 3,7 localized buckling of SWCNTs. Next, focusing on MWCNTs with closed cores, we predict an unusual rippling response with a wavelike morphology and a nearly-linear mechanical response.
We now indicate the objective boundaries used to describe a bending deformation. A CNT exhibits translational symmetry. When using PBC, the positions X j , of the N atoms located in the simulation unit cell or supercell are replicated with
where X j, labels the position of atom j located in the replica of the initial cell and T is the translational vector. If the structural parameter ͉T͉ is varied around its optimized value, pure axial stress states are introduced. When using objective boundaries for bending, we account for the same N atoms but the repetition rule is changed to rotation, with
This relation indicates that the N atoms located in the cell are obtained from the ones located in the original cell by repeated rotations of angle around an axis perpendicular to the page, as prescribed by the matrix R. In the simulations reported here = Ϯ 1. Pure bending is a condition of stress where only a bending moment is applied to a CNT, without simultaneous application of axial forces. Because under objective boundaries the only constraint imposed on the simulation cell is the bending angle , the atomic positions are free to move away or toward the rotation axis of R. Therefore, this method inherently tends to relieve axial strain, unlike fixed-end bending, where special care must be taken to relieve axial strain in the CNT. 7 The curvature of the CNT, then, is not imposed but is a result of the relaxation. The shape of the bent tube is nicely smooth as one can especially see from the lowcurvature morphology shown in Fig. 1͑a͒ is measured as =1/ r, where r, the average distance of the atomic coordinates from the rotation axis of R, arises from the axial relaxation of the CNT. One can use this method to apply a bending moment to any translational cell of a CNT. A supercell is needed to describe buckling, Fig. 1͑a͒ .
The interatomic interactions were described here with the Tersoff potential 21 and a standard Lennard-Jones potential, 23 a combination commonly used in studying CNT elastic deformations. 22 We carried out investigations on a collection of SWCNTs and MWCNTs up to 4.2 nm in diameter, with simulation cells containing between 160 and 1920 atoms. Only CNTs of armchair type were systematically considered because, as before, 6 chirality was found not to have an important effect on buckling behavior. Various degrees of bending were applied to the simulation cell by varying in steps of at most 0.05°per nm of tube length. As also previously noted, 7 SWCNTs display noticeable differences when comparing the energetics of bending and unbending cycles. Since this hysteresis effect is rate-dependent, we opted to focus on the bending energetics and assume that in the process of bending the SWCNT adopts the lowest energy state. At each bending increment step MD is performed at 300 K for 500 time steps of 2 fs each, followed by conjugate gradient energy minimization. This protocol was found to significantly reduce hysteresis. Figure 1͑b͒ shows the strain energy E and bending moment M curves as a function of for two different SWCNTs having simulation cells of the same length L. Three distinct regimes emerge in each of the tubes. The configurations corresponding to each of these regimes are shown in Fig. 1͑a͒ for a ͑15,15͒ SWCNT. At low , the tube shows smooth bending, i.e., can be accurately described by its minimum translational cell, Fig. 1͑a͒ , left. At moderate , there is an intermediate regime where the tube begins developing a localized kink, Fig. 1͑a͒ , middle. This causes a rapid drop in M which gradually flattens out. At the largest , M stops decreasing and a fully buckled bending regime arises, corresponding to a deeply kinked configuration, Fig. 1͑a͒ , right. Due to the strong covalent binding, the flattening of the nanotube cross section at the buckling site occurs in a gradual and controlled way. Larger tubes' cross sections must deform more before becoming fully kinked, so the angle range of the intermediate regime increases with tube diameter. Overall, there is qualitative agreement with previous fixed-end bending MD calculations of long SWCNTs. 7 This indicates that the spurious effect of a kink interacting with its = Ϯ 1 images is secondary and confirms the ability of our approach to describe buckling.
The critical curvature c that marks the transition between the smooth and the intermediate regime, can be easily identified by the sharp peak in the M − curve, Fig. 1͑b͒ . Figure 2͑a͒ shows c for SWCNTs of different radii R having a length of 2 nm. Smaller diameter tubes are more resistant to buckling than larger ones. In qualitative agreement with previous studies, c = a / 4R 2 , where a is a length-dependent proportionality constant. 6 We interpret L to be the length of the SWCNT under pure bending. By identifying c for a collection ͑6,6͒ SWCNTs having a wide range of L, we found a to have a relatively weak negative power law dependence on L, a = 0.148L −0.233 , as shown in Fig. 2͑b͒ . In MWCNTs, nonideal deformations begin in the outer wall and subsequently propagate to inner walls at higher . This is a natural consequence of the trend seen in Fig. 2͑a͒ for SWCNTs, which shows that larger-diameter tubes become unstable at lower angles. Thin-walled MWCNTs that do not have a ͑5,5͒ core behaved similarly to SWNTs, but ͑5,5͒@...@͑5n ,5n͒ MWCNTs, where n is the number of walls, showed a strikingly different behavior. Because the outer wall is constrained by the inner tubes, deep kinks do not have space to develop. Instead, strain is released in a wavelike distortion mode along the inner arc, Fig. 3͑a͒ , left. Eventually, at higher , the inner walls can develop strong nonlinear behavior and rippling evolves into a localized kink, Fig. 3͑a͒ , right. We emphasize that the morphology of the ripples reported here is distinct from the Yoshimura-type pattern with ϳ10 nm characteristic scale, reported in very thick MWCNTs. 15 Rather, it appears to be related to the undulations obtained in two-dimensional finite element simulations. 13 The ripples we observed, however, had a constant size, independent of diameter.
Remarkably, the wavelike rippling mode exhibits lengthinvariance, as well. This behavior clearly makes the objective boundary approach very suitable. The observed ripples had a characteristic length of 1 nm, independent of the length of the simulation cell. Figure 3͑b͒ exemplifies the lengthinvariance of the strain energy in the rippling regime. The tube shown begins rippling at ϳ2.7 deg per nm ͑first arrow͒. The strain energy of the 1 nm simulation cell ͑restricted to rippling͒ is identical to that of the 4 nm simulation cell until the latter begins to kink, at ϳ3.1 deg per nm ͑second arrow͒. MWCNTs showed almost no hysteresis between bending and unbending, even when no MD was used. The transition between smooth bending and rippling is marked by a steep increase in the van der Waals interwall energy between the outer pair of walls, Fig. 3͑c͒ , as well as a decrease in the slope of M, Fig. 3͑d͒ . Therefore, both energy variations can be used to identify the onset of rippling. Figure 2͑a͒ shows that the critical curvature for rippling has a diameter dependence qualitatively similar to the emergence of buckling in SWCNTs, with c = 0.207/ 4R 2 . We note that in MWCNTs, due to the structural support provided by the inner walls that are less prone to nonlinear response, the outer wall preserves its idealized shape longer than when isolated.
The very regular rippling pattern showing length invariance suggests that the transition from smooth to rippled behavior in MWCNTs can be interpreted as a phase transition: At low temperatures and constant bending load, the condition for a phase transition to occur is the equality of enthalpy H = E − M between the two phases, ideal smoothly bent and the wavelike rippled. Interestingly, as exemplified in Figs. 3͑c͒ and 3͑d͒, at the critical angle for rippling, M and E are continuous, so that H ideal = H rippled . Thus, there is no region in which both phases coexist, so the transition always occurs at a set curvature value. This interpretation is in agreement with the lack of hysteresis noted in the bending-unbending cycles.
In contrast with the buckled SWCNTs, where the bending stiffness B is reduced to nearly zero, Fig. 1͑b͒ , the rippled MWCNTs remain stiff. Remarkably, beyond c the M − relation remains nearly linear but with a reduced B, Fig. 3͑d͒ . As can be seen from Table I , the B reduction is dramatic only in the double-wall CNT. For larger MWCNTs B appears to converge to 65% of the smooth case value. This surprising result is valuable since it helps estimate B without the need for carrying out microscopic calculations.
In conclusion, objective MD emerges as a powerful tool for studying bending response. Using it, we predicted and characterized a Fourier-type rippling mode that dominates the incipient nonlinear elastic response of MWCNTs with relatively small diameters and closed cores. 
